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Abstract 
The Laguerre-Freud equations giving the recurrence coefficients fl~, y,, of orthogonal polynomials with respect o a D,,, 
semi-classical linear form are derived. D,,~ is the difference operator. The limit when to --~ 0 are also investigated recovering 
known results. Applications to generalized Meixner polynomials of class one are also treated. (~) 1998 Elsevier Science 
B.V. All rights reserved. 
AMS classification: 33C25 
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I. Introduction 
Let 50 be a regular linear form in the vector space of all complex polynomials of one variable. 
By 'regular linear form 5 °, [13] we mean that there exists (P,)n~>0 a sequence of monic orthogonal 
polynomials with respect o 50, i.e., 
degree of P~=n, nt>0, 
(~(~,PnPm)=0, n#m, (50,P~P~)#O, n~O, (1) 
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where (ha, P) denotes the value of the linear form ha applied to P. The three-term recurrence relation 
satisfied by the monic family (P,,),~>0 will be written as 
P, ,+j (x)=(x-  f i , )P , (x) -  y,,P,,,_l(X), n >>- 1, 
P0(x)=l ,  P l (X)=X- f lo ,  7~#0, n>~l.  (2) 
The difference operator D,~, is defined by: 
P(x + co) - P(x) 
D, oP(x)= , ~o#0, Dr=A,  D_ I=V.  
gO 
Definition 1 ([6, 12, 13]). The linear form ha is said to be D,,j semi-classical if ha is regular and 
there exist two polynomials ff of degree ~> 1 and ~b such that 
D,,,(~ha) = ~kha, (3) 
where 
(~hha, P) = (ha, ~P),  (D,,ha, P) = -(ha,  D_,oP). (4) 
Moreover, if Lf is D,o semi-classical, the class of h a, denoted cl(ha), is defined as [13] 
cl(ha) = min{max(-2 + degree of q~,-1 + degree of ~)}, (5) 
where the minimum is taken over all pairs of polynomials q~, and ~ of degree at least one, satisfying 
D,,~( dp ha ) = ~ ha. 
The following characterization f the class of the D,,, semi-classical functionals [9, 13] follows from 
definition 1. 
If ha is a D,, semi-classical functional satisfying (3), then ha is said to be of class s if and only 
if for any root c of the polynomial q~, one of these two conditions is satisfied: 
(i) rc-,o # 0, 
(ii) (ha, Pc-,,~) # O, 
where 
s = max{-2  + degree of 4), - 1 + degree of ~}, 
q~(x ) = (x - c )c~c(x ), (6) 
- 4 c(x) = (x  - c + + 
The two coupled algebraic equations giving ft, and 7, are called the Laguerre-Freud equations, 
introduced for the first time in [2]. In [1], Belmehdi has given them explicitly for D(= d/dx) semi- 
classical polynomials of class s = 1. Let us recall that when q~ is of degree maximum 2 and ~, of 
degree 1, the corresponding polynomials are called (discrete) classical and of course the ft,, ?, are 
well known [4, 10, 14]. 
The aim of this work is to give the Laguerre-Freud equations when the operator D = d/dx is 
replaced by the difference operator D,,~ [4, 13]. D~ semi-classical orthogonal polynomials appear 
already in [13], but ft, and 7, have been computed only in the classical case. 
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We suppose that the linear form L.e is semi-classical and we present here the derivation of the 
Laguerre-Freud equations for the class s = 1 which means that polynomials ~b and ~b are restricted to 
~b(x) : ao + a lx + a2 x2, (9(X) = bo + b lx + b2 x2 ÷ b3 x3. (7) 
The Laguerre-Freud equations are deduced like in [2] from the two obvious relations deduced 
now from 
= 
e ,e , )  = (s ,  
: (Zf,  q ,e ,e ,+,) .  
(8) 
(9) 
(10) 
If the rules (4) are the same for D and D,,. then the main differences (and difficulties) come from 
the more complicated product rule: 
D,,,[P(x)Q(x)] = P(x + co)D,,,Q(x) + Q(x)D,,,P(x), (11) 
introducing shifted polynomial P(x + co). 
Rules (4) and (11) transform the Eqs. (9)  and (10)  into 
(• ,P, , (x-  ,o)0D ,,,P,,(x))+ (~,P.~bD ,,~P,,)=- (L,(', ~9P,,P,,), (12) 
(~cf, P,,(x - co)dpD_,,~P,,+~(x)) + (~L.Lf, P,,+,OD_,,,P~) =-  (SP, ~bP,,P,,+~). (13) 
2. Bas ic  i terat ion scheme 
In order to express the coefficients of the orthogonal polynomial P,, in terms of the recurrence 
coefficients /~,, and 7,- let us compute them recursively from the iteration process given by the 
following lemma. 
Lemma 2. All basic coefficients T..i in the expansion of  
P,,(x) : ~ T,,.ix" i (14) 
i=0 
can be computed recursively f rom the relations: 
T,,.0=l, n~>0, (15) 
T.+l.l = T,,.l - fl,,, n /> 1, (16)  
T,,+I.i=T,,./-fl,,T,,./ n-y.T, , - i . / -2,  2<. j<~n,  (17) 
T,,+i.,,+i = - fl,,T,,.,, - y,,T._l .... i, n ~> 1. (18) 
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These basic relations are easily proved by identification from: 
n+l Z n--I 
xP.(x) = T, x n+l : n,, - -  Z T, xn+l - i  -~- ~n T, "X n- i  n--l--i -- n+l.i n,t + 7. ~ 7",,_ l,ix • 
i=0 i=0 i=0 i=0 
Use of Eqs. (15)-(17) gives 
n 
rn+l.l =- -  ~-~i ,  n >- O, (19) 
i=0 
rnq l ,2  = ~ ~i~J-- ~ ),' 
O~i<j~n i=1 
n ~> 1, (20) 
n 
O<~i<j<k<~n I~i<j<~n i 1 
ii 
- -Z~i_ , ] ) i ,  n>~2.  (21) 
i=1 
All other terms can be computed in the same way but for class s = 1, only these three terms will 
be used. 
Let us emphasize that the two terms: T., i and T.,2 are already given in [4]; the computation of the 
higher order coefficients allows to generate Laguerre-Freud equations for any arbitrary class s > 1. 
These coefficients play the role (but in a simpler way) of the Tur~in determinants introduced in [2] 
showing the interest in Laguerre-Freud equations. 
3. Intermediate coefficients 
The structure constants [1, 13] will first be obtained in terms of the T,,.i and the coefficients of 
polynomials q~ and ¢ defining the linear form ~.  
In order to do that, we first need to expand the polynomials P,(x + co) and D, oP, in terms of the 
Tn.i and also to control the action of the linear form L,e on polynomial x"+kP, via the coefficients 
Tn, i. 
3.1. Coefficients A,,i and A*i 
These coefficients appear in the following expansions: 
n 
P.(x + co)= V"A  tco~x" * 
i=0 
n 
* n--i D.,P~(x)= ~-~ A,,i(colx . 
i=1 
(22) 
(23) 
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Both coefficients are related to T.,i via the relation 
An, i ( ( .o ) -  T.. i 
A*~.i( co ) = 
O) 
and are explicitly given by 
i - -  ..k, O <~ i <~ n, 
k=O 
A"' i (~°)  = i - ~" ,,.k, 1 <~ i <<. n. 
k=O 
3.2. Coef~c ients  B~ 
The coefficients B~ appear from the action of the linear form Lf on x"+kP.(x): 
B~ = <s,:+kP~>. 
Expansion of x"+kP~(x)  in terms of the T.,~ and use of the basic norm: 
:0.,, = <~,p .~>,  
taking care that 
B°  = ( S ,x"P . )  = ( LP, P .P . )  = Io,., 
and using the orthogonality property give the relations easily derived: 
B], = -T .+t . l l o  .... 
B~ ---= (T .+ I ,  i T.+2.1 - T.+2.2)Io ....
B]  = [ 7",,+ 1,, (T.+3.2 - T.+2, i Tn.3,1 ) -~- Tn+3. I Tn+2.2 - Tn+3,3 ]1o .... 
k 
- Z = T,+k, iB,, • 
i=1 
All other coefficients B. k can be computed in the same way. 
The connection between the B~ and the coefficients Cjk k introduced in [2]: 
2n+k 
x"+ke,(x) = Z 
j=0 
is obviously 
B k = .'-.n+kr LO, n 10,o. 
147 
(24) 
(25) 
(26) 
(27) 
(28) 
(29) 
(30) 
(31) 
(32) 
(33) 
(34) 
(35) 
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3.3. Structure relation 
As any semi-classical orthogonal family, P. satisfies a structure relation [13] which for the class 
s = 1, and taking into account Definition 1, reduces to 
n+2 
(9(x)D_,,,P,,(x)= ~ 2,,i(co)Pi(x). (36) 
i n--2 
The aim is again to represent the structure constants 2,,,~ in terms of the T,,,i. Using the orthogonality 
rules, Eqs. (28) and (36), we obtain: 
2,,~(m)Io,~ = (~,P~q~D_,,~P,,). (37) 
Use of the orthogonality rules in Eq. (37) gives 
Using Eqs. (7), (19)-(21), (26), (27), (30)-(32) and (38), we compute the structure relation con- 
stants 2~.n+2, ...+1, 2 ...... 2 ..... l as 
~t,,.,,+2(co) = nb3, (39) 
[() -1 ;t,,.,,+l(co)=nb2 + - n 2 co+n(/~,,+/~,,+,)+~-~]~i b3, (40) i=0 
2,.,(~o) = nbl + - co + nil,, + fli bz 
i=0 
+ n3 co2_ 2n co~.-(n-1)co~i=o ~' b3 
i=0 i 0 i=l  
2 ..... ,(co)= ~ ~b(/~) + 2 ~ y~ + nT, b: 
i=0 i= l  
+ 3 7 , (~- ,+~)+7. ,Z f l ,+n( [ tn  1+~)7 .  b3 
i 1 i=0 
i=0 
I n -co ~ /~i/~/+ (n - 1) ~--~/~ + (2n - 3) ~~ 7i + 7n b3 
O<~i<j~n- - I  i=0 i~l  
+ 2 ~/~i  - 4 093 
i=0 
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The aim of the following is to avoid the computation of T.,4 in order to have simple expression for 
)t,,,._2 and 2 ..... i. 
One easily shows, using the derivative rule: 
P~(x)D_~,,P.(x) = D_.,[P~(x + 0))P,,(x)] - P,,(x)D,,,P~(x). (43) 
Using Eq. (37) and taking into account Eqs. (4), (8) and (43), we obtain: 
2,,.i(0))I0.~ = - (  ~b(x )S ,  Pi(x + 0) )P~(x )) - ( d?(x )2f, P,,(x )D,,,Pi(x ) }. (44) 
Using Eqs. (7), (19)-(21),  (26), (27), (30)- (32)  and (44), we compute the structure relation con- 
stants 2 ...... ~,2 ..... 2 as 
2 ..... 1 (0 ) )=-a lT . -7 . [ (n -1 )0)+f i .  l+ f l . ]a2 - (n -1 )7 .b2  
- (n -2 ) ( /~ .  ~+]~. )+~--~f l i+ 2 0) 7,,b3. 
i~O 
2 ..... 2(0)) = -[a2 + (n - 2)b317. 1)',,. 
This representation of the structure relation transforms Eqs. (12) and (13), respectively, into 
.i .... - 0 ) )P .  2 (x ) )  + - 0))P,, , (x ) )  
+22.,.(0))10,,, = - (~Lf, P~ P. ), (47) 
2,,~ 1,. , (0))(S,P.(x - 0))P~_,(x)) + 2t.+,,.(0))Io.,, + ~..nWl(0))~).+ll0,n 
= -- (O5°,P.P,,+,). (48) 
The right-hand side of  each equation containing ~b is the same as in the continuous case s = 1, 
already given in [2], i.e.: 
(~b 2f, P.P,,) = ~b(fl. )Io.. + a2(?. + 7,,+, )Io,., (49) 
(~bS, P,,P.+I) = [a, + a2(fl,, + fl,,+, )]7.+,10 .... (50) 
(45) 
(46) 
4. Final form of the Laguerre-Freud equations 
The D,,~ term in both Laguerre-Freud equations in the form (12) and (13) are now eliminated and 
replaced by 2.,iP, terms. The remaining quantities to be computed are therefore 
/ / (Lf, P.(x - 0))P,.(x)) = c~4', P, A.,k(--0))x "-k , (51) 
k=0 
all quantities and all constants being written in terms of the T,,,i. 
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Replacing the structure constants 2..~ (n -2  ~< i ~< n) given by Eqs. (41), (45) and (46), Eq. (47), 
and using also Eqs. (25)-(27) and (49)-(51), the first Laguerre-Freud equation reads 
with 
n --  1 . --  1 . --  1 
~9(/3.)+ 4b3 ~ Yi +2 ~ 0#° q5(/3i)+ co ~ 011,,IP(/3i)+2 (n )  3 coZb3 
i=1  i=0 i=0 (n) 
+ 2 co2a2=-(a2+2nb3)(7"+?"+l)' (52) 
~p(x) - ~p(a) 
Oa~(X)  - -  
x - -a  
Replacing the structure constants 2n+l..-i, 2n+1.. and 2...+1 given by Eqs. (40), (42) and (46), Eq. 
(48), and using also Eqs. (25)-(27) and (49)-(51), the second Laguerre-Freud equation reduces to 
~b(/3i)+ (2n+1)7.+,+2~-~yi b2 
i=0  i=  1 
+ 3b3 7~(/3g-, +/3,) + 27.+, n/3,, + ~/3 ,  b3 
i=1  i=0 
n + l cobl + --nco Z /3i + n + l +ncoa2?.+l - 2 i:0 3 CO2 b2 
[ ] -co ~ /3,~.+n~/3~/3~+(2n-1) ?,+n?.+, b3 
O<~i<j<~n i=0  i= l  
I (n )coz~-~/3~- (n+l )  l + 2 i=0 4 co3 b3 q- [al q- a2/3.]Tn+l 
---- -[a2 + (2n + 1)b3]/3.+17.+1. (53) 
Let us emphasize that we can also obtain the second Laguerre-Freud equation by identification of 
the two expressions of 2.,._1 given by Eqs. (42) and (45). 
The first equation gives Y.+l linearly in terms of 7; and ~ (1 ~<j ~< n).The second equation is 
used in order to compute /3.+~ from the previous Y.+~ via the two non linear terms 
(2n + 1)y.+l/3.+lb3 and - 7.+1/3,,+ia2. 
The nonlinearities in the second equation only exemplify the fundamental barrier between semi- 
classical and classical situation in which both a2 and b3 are zero. From the nonlinearities, both 
relations must therefore be used simultaneously starting with 
M1 
/30 = M00' a271 = -~(/30), (54) 
Mo and MI are the moments of order 0 and of 1 of the linear form 5 °. In the classical case, the 
equations can be decoupled [13]. 
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5. Limiting situation and particular cases 
1. The starting D,., Laguerre-Freud equations reduce to the D Laguerre-Freud equations already 
considered in [2] as ~o tends to 0. The D,,, Laguerre-Freud equations (52) and (53) reduce exactly 
to the equations given in [2] relabelling the coefficients of ~b and ~b in a proper way: 
, .~-  1 n l 
0(fl,,) + 4b3 ~ 7, + 2 ~ Ol~.O(fl, ) = -(a2 + 2nb3)(Tn q- )',,+l ), 
i=1 i=0 
q~(/~g)+3b3 7i(/~,-, +B i )+ (2n+ 1)7,,+~ +2~--~7i b2 
i=0 i= l  i=1 (n )  
i=0 
= - [a :  + (2n + 1)b3]fln+,y,,+,. (55) 
The ~o dependence is of order 2 in the first equation (52) and of order 3 in the second one (53), 
and does not affect the nonlinear term 7,+~/~,+~ already mentioned. 
2. The Laguerre-Freud equations obtained in (52) and (53) contain obviously the classical cases 
when a2 =b3 =0.  In the other cases, let us use the notation of [13] so that we can compare more 
easily with the results in [13]: 
49(x) = ax 2 + bx + c and ~(x) = px + q. (56) 
Eqs. (52) and (53) reduce to 
n--I 
~(fl,,) + 2a ~ fli + 2nb + 2nafl,, = -nogp, (57) 
i=0 
(/3~)+ (2n+1)7, ,+~+2 7i a -  2 
i=0 
+-no)~_ ,~ i+ n+l  3 02 a = -pT,+l.  (58) 
i=0 
Rewriting the second equation with n---, n -  1 and subtracting we get: 
4~(~,,) + [P + (2n + 1)a]7~+, - [p + (2n - 3)a]7,, 
n--I 
-no~b-amof l , -acoZf l i+ae)2(2)=O.  (59) 
i=0 
Using symbolic computation with Maple V.4 [3], we have checked positively that for classical dis- 
crete orthogonal polynomials, coefficients ft, and 7~, given explicitely in terms of polynomials ~b and 
0 appearing in the discrete Pearson equation [7, 8], are solutions of Eqs. (57) and (58) (with ~o = 1). 
Eqs. (57) and (59) are exactly the equations derived in the thesis [13] taking into account he D,,, 
derivative of the linear form given by Eq. (4) and the one used in [13]. Let us remark, however, 
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that in [13] the 7n equation is obtained using the so-called D,,~ representation, expanding a classical 
orthogonal polynomials P, as a sum of (maximum three) D,,Pg (i = n + 1 ,n ,n -  1). This technique 
cannot be extended to the class 1, because of the nonexistence of such a representation for semi- 
classical orthogonal polynomials of class s > 0. 
6. Applications 
6.1. Generalized Meixner 
These polynomials with q parameters were introduced in [11] in order to show the quasi- 
orthogonality character of the/9,,, derivative (with o~ = 1). The weight p is given by 
/2i q 
p( i )=77 i -~HF( i+~/ ) ,  (0</2<1,~i>0) ,  i=0 ,1 ,2  . . . . .  (60) 
~t. 1 • 
j=l  
These polynomials are denoted by m17 '~') where ~=(~ . . . . .  ~q), which reduce of course to the 
well-known classical Meixner polynomials when ~ is the scalar ~ (q = 1 ). 
When q=2,  ~1 # 1 and ~2:fi 1, this family is semi-classical of class s= 1 with 
~b(x) = x 2 and ~p(x) = (/2 - 1 )x 2 + (0(i + 0(2 )/2X q- [20( 10( 2. (61 ) 
Of course when 0(~ = 0(2 = 1, the class reduces to 0 and the polynomials, a particular case of the 
Meixner polynomials, are called discrete Laguerre polynomials [4]: 
lan(x ) = m~l'~')(x ). (62) 
We have checked, positively, the Laguerre-Freud equations when o~--~ 1 with the known 1~,,, %, of 
the discrete Laguerre polynomials. Let us also emphasize that for q = 2 and for arbitrary positive 
0(~ and 0(2, the weight given by Eq. (60), is not a polynomial modification of the Meixner weight, 
except when 0(t or 0(2 is an integer. 
Replacing in Eqs. (52) and (53) ~o by one and polynomials q~ and 6 given by Eq. (61), we obtain 
Laguerre-Freud equations for generalized Meixner polynomial of class s = 1: 
(1-/2)(?,,  + 7n+,)= ( /2 -  1 ) ( (2 )+ fi~ ) + ((1 + #)n 
n [ 
+/2(0(, + +(1 
i -0 
+/2(0(1 + ~2)n + #~10(~, (63) 
n 
(l  - -  ~)(~n ~- ~n+l)~n+l = - -n~-~i -~-  ((1 + #)n + #(~1 + ~z2) + 1)7.+, 
i=0 
± ± + 3 + B~ + 2 7i, 
i=0 i=1 
(64) 
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with initial values 
M1 #~1~22F1(1 + ~l, 1 + ~2; 2; #) ~(fl0) 
fl°--Mo 2Fl(0q, 0~2; 1; #) 1 -# 
6.2. Concluding remarks 
(65) 
(i) The polynomials have been computed for generalized Meixner polynomial of class one up 
to n = 10 from the /~n, 7,, generated by the Laguerre-Freud equations given above and also from 
the Hankel representation f polynomials which requires the computation of the moments Mj up to 
j = 19. These moments were computed from the moment recurrence relation for generalized Meixner 
polynomial: 
k 
(1 -#)Mk+2=~I~2#Mk+(~I+~2)#Mk+, -Z( - I ) / (~)M~+2_/ .  (66) 
]=l 
The polynomial coefficients in both approaches are written in terms of M0 and M~ using the initial 
values of the Laguerre-Freud recurrence given by Eqs. (65). Polynomials obtained in these two 
ways coincide of course and the Laguerre-Freud approach is obviously more efficient. 
(ii) Using Eqs. (63) and (64), we have also computed numerically with Maple V.4, coefficients 
/~,, and 7n up to n--100000, for several values of coefficients ~1,~2 and #. 
The result of the plot for all cases indicates that the sequences 7~/n 2, ~/n are convergent. Assuming 
that they converge, their limits, a(#) and b(#), are obtained using Maple V.4 and Eqs. (63), (64) 
with the approximations: 7~ ~ a(#) n2 and fl~ ~ b(#)n, for n large. We obtain 
a(#) -  It b(#) = 1 + # (67) 
(1  - #)2 ,  1 - #" 
By the same way using numerical and symbolic computation with Maple V.4 and analysis of Eqs. 
(63) and (64) [5], the following asymptotic behaviour is observed for coefficients /3,, and 7,,. 
6.3. Conjecture [5] 
The coefficients of the three-terms recurrence relation of the generalized Meixner polynomial of 
class one are given by 
1 +/~ ~(0(1 + a2 - 1 ) 
f l , , - - - -n+ +(~l -  1)(~2- 1)U(n), 
1 -p  1 -#  
p(n+~l - 1) (n+~2-1)  
- (~ l  - 1 ) (~2 - 1 )V(n) ,  (68)  
~'" = (1 - #) :  
where U(n) and V(n) are two positive sequences converging to zero. 
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